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STABLE SETS, HYPERBOLICITY AND DIMENSION
RASUL SHAFIKOV AND CHRISTIAN WOLF
Abstract. In this note we derive an upper bound for the Hausdorff
dimension of the stable set of a hyperbolic set Λ of a C2 diffeomor-
phisms on a n-dimensional manifold. As a consequence we obtain that
dimH W
s(Λ) = n is equivalent to the existence of a SRB-measure. We
also discuss related results in the case of expanding maps.
1. Introduction
Let M be a n-dimensional smooth Riemannian manifold, f : M → M
a diffeomorphism, and Λ ⊂ M a locally maximal hyperbolic set of f . We
define the stable set of Λ by
W s(Λ) = {x ∈M : dist(fk(x),Λ)→ 0 for k →∞}.
In this paper we investigate the complexity of W s(Λ) in terms of its Haus-
dorff dimension dimH W
s(Λ). It is a classical result of Bowen [Bo1] that
there exist examples of C1 horseshoes Λ with positive Lebesgue measure,
in particular dimH W
s(Λ) = n. On the other hand, by a result of Bowen
and Ruelle [BR], if f is a C2-diffeomorphism and Λ is not an attractor then
W s(Λ) has zero Lebesgue measure. We extend the latter result by showing
that the Hausdorff dimension of W s(Λ) is strictly smaller than n. More
precisely, we derive an upper bound for the Hausdorff dimension of W s(Λ)
which is given in terms of the exponential expansion rate of the tangent map
defined by
s = lim
k→∞
1
k
log
(
max{||Dfk(x)|| : x ∈ Λ}
)
, (1)
and the topological pressure of the unstable Jacobian. If Λ is not an attractor
this bound is strictly smaller than n.
Theorem 1. Let f : M → M be a C2-diffeomorphism, and Λ a locally
maximal hyperbolic set of f , which is not a periodic orbit, such that f |Λ is
topologically mixing. Define φu = − log |detDf |Eu|. Then
dimH W
s(Λ) ≤ n+
P (φu)
s
. (2)
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Here P (φu) denotes the topological pressure of φu, see Section 2 for de-
tails. We note that our result holds for manifolds of arbitrary dimension,
in particular, we do not require that f is conformal on Λ. Since f is a dif-
feomorphism, the analogous result also holds for the unstable set W u(Λ) of
Λ.
It follows from the proof of Theorem 1 that the upper bound in (2) also
provides an upper bound for the upper box dimension of certain subsets of
W s(Λ). In particular, the following holds.
Corollary 2. Suppose that f and Λ are as in Theorem 1, and assume that
Λ has empty interior. Then the upper box dimension dimBΛ of Λ is strictly
smaller than n.
We note that the case Λ having non-empty interior actually occurs. For
example, if f is an Anosov diffeomorphism, then the entire manifold M
is a hyperbolic set. The result of Corollary 2 is known in some special
cases. In particular, if M is a surface, that is, n = 2, then the classical
result of McCluskey and Manning [MM] states that the Hausdorff dimension
of Λ coincides with the box dimension of Λ, and that its value is strictly
smaller than 2. Recently, significant progress has also been made towards
the estimation of the Hausdorff and box dimension of hyperbolic sets of
higher dimensional manifolds, see for instance [Ba], [F], and the references in
[P]. These estimates are typically given in terms of the topological pressure
of functions related to the expansion/contraction rates of the tangent map
on the hyperbolic splitting. However, it is often difficult to calculate these
upper bounds in particular examples. Corollary 2, on the other hand, states
without further calculations that the dimension of a hyperbolic set is strictly
smaller than n. This has not been known before in this generality.
Another consequence of Theorem 1 is a new characterization for f to
have an invariant probability measure µ supported on Λ whose conditional
measures on the unstable manifolds are absolutely continuous with respect
to the Lebesgue measure. Such a measure µ is called a SRB measure of the
diffeomorphism f .
Theorem 3. Suppose that f and Λ are as in Theorem 1. Then the following
are equivalent.
(i) dimH W
s(Λ) = n;
(ii) f admits a SRB measure on Λ;
(iii) Λ is an attractor of f .
(iv) W s(Λ) has positive Lebesgue measure
The novelty of Theorem 3 is the implication (i) implies (ii), while the
other implications are well-known, and are not consequences of our results.
This paper is organized as follows. In Section 2 we consider hyperbolic
diffeomorphisms and derive an upper bound of the box dimension of par-
ticular sets associated with a hyperbolic set. Furthermore, we apply this
bound to establish the results stated in the introduction. Finally, in Section
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3 we study repellers of expanding maps, and derive related results as in the
case of diffeomorphisms.
2. Stable sets for diffeomorphisms
Let f : M →M be a C2 diffeomorphism on a n-dimensional Riemannian
manifold, and Λ ⊂ M a hyperbolic set. This means that Λ is a compact
f -invariant set, and that there exist a continuous splitting of the tangent
bundle TΛM = E
u ⊕ Es, and constants c > 0 and λ ∈ (0, 1) such that for
each x ∈ Λ:
1. Df(x)(Eux) = E
u
f(x) and Df(x)(E
s
x) = E
s
f(x);
2. ‖Df−k(x)v‖ ≤ cλk‖v‖ whenever v ∈ Eux and k ∈ N;
3. ‖Dfk(x)v‖ ≤ cλk‖v‖ whenever v ∈ Esx and k ∈ N.
We say that Λ is locally maximal if there exists an open neighborhood
U of Λ such that Λ =
⋂
k∈Z f
kU . We shall always assume that Λ is a
locally maximal hyperbolic set, which is not a periodic orbit, and that f |Λ
is topologically mixing.
We say that Λ is an attractor of f if there are arbitrarily small neigh-
borhoods U of Λ such that f(U) ⊂ U . This includes the case of Anosov
diffeomorphisms for which the entire manifold M is a hyperbolic set. We
say that Λ is a repeller of f if it is an attractor of f−1. We note that there are
other definitions of an attractor and repeller. Here we follow the notation
of [Bo2] which suits well our purposes.
Following Bowen [Bo2], for x ∈ Λ, ε > 0 and k ∈ N we define the sets
B(x, ε, k) = {y ∈M : |f i(x)− f i(y)| < ε, i = 0, . . . , k − 1}, (3)
where | · | denotes the distance induced by the Riemannian metric. Define
B(Λ, ε, k) =
⋃
x∈Λ
B(x, ε, k). (4)
Furthermore, we define the local stable set of Λ by
W sε (Λ) = {x ∈M : dist(f
k(x),Λ) < ε for all k ∈ N}. (5)
Analogously, we define the local unstable set W uε (Λ) of Λ by considering
f−1. It is an immediate consequence of the shadowing lemma that if ε is
sufficiently small, then the exists ε > 0 such that
W sε (Λ) ⊂
⋃
x∈Λ
W sε (x), (6)
where W sε (x) denotes the local stable manifold of size ε of x ∈ Λ. Further-
more, by choice of ε, the number ε can be chosen arbitrarily small. We will
also need the topological pressure P (ϕ) of a continuous function ϕ : Λ→ R
(see [Wa] for the definition and details). We are interested in the partic-
ular function φu : Λ → R defined by φu(x) = − log |detDf(x)|Eux |, where
detDf(x)|Eux denotes the Jacobian of the linear map Df(x)|E
u
x . We will
need the following result which is due to Bowen.
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Proposition 4 ([Bo2]). If ε > 0 is small enough then:
(i) limk→∞
1
k log (vol(B(Λ, ε, k)) = P (φ
u) ≤ 0;
(ii) P (φu) = 0 if and only if W sε (Λ) has nonempty interior, in which case
Λ is an attractor.
We note that the right-hand side inequality in (i) also follows as an appli-
cation of the Margulis-Ruelle inequality and the variational principle. The
following is the main result of this paper.
Theorem 5. Let f : M → M be a C2 diffeomorphism on a n-dimensional
Riemannian manifold, and let Λ ⊂ M be a locally maximal hyperbolic set,
which is not a periodic orbit, such that f |Λ is topologically mixing. Then for
sufficiently small ε > 0 we have
dimBW
s
ε (Λ) ≤ n+
P (φu)
s
, (7)
where s is defined as in (1).
Remark. It follows from Proposition 4 that if Λ is not an attractor, then
P (φu) < 0, and therefore inequality (7) provides a non-trivial estimate.
Proof of Theorem 5. First observe that since the operator norm is submul-
tiplicative, the limit defining s exists (see e.g. [Wa]). Furthermore, since Λ
is not an attracting cycle, s > 0. If Λ is an attractor, then by Proposition 4,
P (φu) = 0, and inequality (7) trivially holds. Thus, we may assume that Λ
is not an attractor, in which case P (φu) < 0.
Let δ > 0. It follows from a simple continuity argument that there exist
ε > 0 and kδ ∈ N such that for all x ∈ B(W
s
ε (Λ), ε) = {x ∈ M : ∃y ∈
W sε (Λ), |x− y| < ε} we have
‖Dfkδ(x)‖ < exp(kδ(s+ δ)). (8)
From now on we consider the map g = fkδ . Note that Λ is also a hyperbolic
set of g. Evidently W sε (Λ) is forward invariant under g. It follows from the
variational principle that Pg(φ
u
g ) = kδPf (φ
u
f ); moreover sg = kδsf . Thus it
is sufficient to prove inequality (7) for g. We continue to use the notation
s, φu, P (φu), etc. for g instead of f . Let x ∈ Λ and k ∈ N. It follows from
Proposition 4 that for ε sufficiently small,
P (φu) = lim
k→∞
1
k
log(vol(B(Λ, 2ε, k))), (9)
where B(Λ, 2ε, , k) =
⋃
x∈ΛB(x, 2ε, k) (see (3)). From this we obtain that if
k is sufficiently large, then
vol(B(Λ, 2ε, k)) < exp(k(P (φu) + δ)). (10)
For all k ∈ N we define real numbers
rk =
ε
exp(s + δ)k
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and neighborhoods Bk = B(W
s
ε (Λ), rk) of W
s
ε (Λ). Let y ∈ Bk. Then there
exists x ∈ W sε (Λ) with |x − y| < rk. An elementary induction argument
in combination with the mean-value theorem implies |gi(x) − gi(y)| < ε for
all i ∈ {0, . . . , k − 1}. Using (6) and making ε smaller if necessary, we can
assure that x is contained in the local stable manifold of size ε of a point in
Λ. It follows that y ∈ B(Λ, 2ε, k). Hence Bk ⊂ B(Λ, 2ε, k). Therefore, (10)
implies that
vol(Bk) < exp(k(P (φ
u) + δ)) (11)
for sufficiently large k. Let us recall that for t ∈ [0, n] the t-dimensional
upper Minkowski content of a relatively compact set A ⊂M is defined by
M∗t(A) = lim sup
ρ→0
vol(Aρ)
(2ρ)n−t
,
where Aρ = {p ∈ M : ∃q ∈ A : |p − q| ≤ ρ}, and vol denotes the volume
induced by the Riemannian metric on M . Let t ∈ [0, n] and ρk =
rk
2 for all
k ∈ N. Then we have
M∗t(W sε (Λ)) = lim sup
ρ→0
vol(W sε (Λ)ρ)
(2ρ)n−t
≤ lim sup
k→∞
vol(W sε (Λ)ρk)
(2ρk+1)
n−t
≤ lim sup
k→∞
vol(Bk)
(rk+1)
n−t
≤
exp(s+ δ)n−t
εn−t
lim
k→∞
(
exp(s+ δ)n−t exp(P (φu) + δ)
)k
.
(12)
Let t > n + P (φ
u)+δ
s+δ . Then exp(s + δ)
n−t exp(P (φu) + δ) < 1. This implies
M∗t(W sε (Λ)) = 0, in particular, t ≥ dimBW
s
ε (Λ). Since δ can be chosen
arbitrarily small, the result follows. 
Remark. We note that the idea of estimating the dimension of an invariant
set by calculating the volume of neighborhoods of the set was introduced
by the second author of this paper in [Wo] for estimating the dimension of
an invariant set of a C1 diffeomorphism. For a related result in the case of
polynomial automorphisms of Cn see [SW].
Applying Theorem 1 to f−1 we obtain the analogous result for the local
unstable set
W uε (Λ) = {x ∈M : dist(f
−k(x),Λ) < ε for all k ∈ N}.
Theorem 5a. Let f : M →M be a C2 diffeomorphism on a n-dimensional
Riemannian manifold, Λ ⊂M a locally maximal hyperbolic set, which is not
a periodic orbit, such that f |Λ is topologically mixing. Let φs = log |detDf |Es|.
Then for sufficiently small ε > 0 we have
dimBW
u
ε (Λ) ≤ n+
P (φs)
s
, (13)
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where s is defined as in (1) for the map f−1.
Note that if M is a surface, then the dimension of W u/s(Λ) can be ex-
pressed using Bowen’s formula. Namely,
tu/s := dimH W
u/s(x) ∩ Λ = dimBW
u/s(x) ∩ Λ
are independent of x ∈ Λ (see [MM]), and it is not to hard to see that
dimH W
s/u
ε (Λ) = dimBW
s/u
ε (Λ) = t
u/s + 1. (14)
The right equality in (14) can be shown using the fact that when n = 2 the
holonomies are lipschitz continuous (see for instance [KH]). On the other
hand, the following example shows that the dimension of W sε (Λ) can be
arbitrarily close to n.
Example 1. Let B ⊂ R2 be a unit square, and let f : B → R2 be a
linear horseshoe map with the expansion rate λu > 2 and the contraction
rate λs < 12 , see Figure 1. It is well-known that Λ = {x ∈ B : f
k(x) ∈
B for all k ∈ Z} is a locally maximal hyperbolic set of f , and that f |Λ is
topologically mixing. Moreover, we have
tu =
log 2
log λu
and ts = −
log 2
log λs
.
Figure 1. A Linear Horseshoe Map
1
1
✲ ✲
✬✩
✎☞
λu
λs
λs λs
As it was mentioned above, we also have dimH W
s/u
ε (Λ) = dimBW
s/u
ε (Λ) =
tu/s+1. Therefore, by choosing λu close to 2 (respectively λs close to 12) we
obtain the following.
Corollary 6. For each ε > 0 there exists a linear horseshoe map of R2 such
that dimH W
s/u
ε (Λ) = dimBW
s/u
ε (Λ) > 2− ε.
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We now provide the proofs of the results stated in the introduction.
Proof of Theorem 1. It follows from Theorem 5 that dimH W
s
ε (Λ) ≤ n +
P (φu)
s . Obviously, W
s
ε (x) ⊂W
s
ε (Λ) for all x ∈ Λ, hence
dimH
⋃
x∈Λ
W sε (x) ≤ n+
P (φu)
s
. (15)
It is a consequence of the shadowing lemma that
W s(Λ) =
⋃
x∈Λ
W s(x). (16)
On the other hand, we have W s(x) =
⋃
k∈N f
−k(W sε (f
k(x))). Together we
obtain
W s(Λ) =
⋃
k∈N
f−k
(⋃
x∈Λ
W sε (x)
)
. (17)
The theorem follows now from equations (15), (17) and the fact that the
Hausdorff dimension is stable with respect to countable unions. 
Remark. Since we have taken countable unions of sets whose box dimensions
are uniformly bounded above by n+ P (φ
u)
s , we obtain the same upper bound
for the packing dimension of W s(Λ).
Proof of Corollary 2. If Λ is an attractor, then Λ can not be a repeller.
Otherwise, we would have W
u/s
ε (x) ⊂ Λ for all x ∈ Λ, in which case, since Λ
has a local product structure, Λ would have a non-empty interior. Therefore,
Proposition 4 (or the analogous proposition for f−1) implies that either
P (φu) < 0 or P (φs) < 0. The result now follows from Theorems 5 and
5a. 
Proof of Theorem 3. (i)⇒(ii) Assume dimH W
s(Λ) = n. Then it follows
from Theorem 1 and Proposition 4 (i) that P (φu) = 0. Since Λ is a locally
maximal hyperbolic set on which f is topologically mixing, there exists a
unique equilibrium measure µφu of the potential φ
u. This means that
0 = P (φu) = hµφu (f) +
∫
φudµφu , (18)
where hµφu (f) denotes the measure-theoretic entropy of f with respect to
µφu. Moreover, µφu is ergodic. Let λ1(x) < · · · < λl(x) be the Lyapunov
exponents of x with respect to f with multiplicities m1(x), · · · ,ml(x). The
fact that µφu is ergodic implies that the Lyapunov exponents and the multi-
plicities are constant µφu-almost everywhere. We denote the corresponding
values by λi(µφu) andmi(µφu). It follows from the fact that Λ is a hyperbolic
set that
−
∫
φudµφu =
∑
λi(µφu )>0
λi(µφu)mi(µφu). (19)
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Therefore, equations (18) and (19) imply that
hµφu (f) =
∑
λi(µφu )>0
λi(µφu)mi(µφu) =
∫ ∑
λi(x)>0
λi(x)mi(x) dµφu . (20)
Hence µφu satisfies Pesin’s entropy formula. Finally, from the work of
Ledrappier, Strelcyn and Young in [LS] and [LY] we conclude that µφu is a
SRB measure.
(ii)⇒(iii) follows from [Bo2] and [LY]. Finally, (iii)⇒ (iv) and (iv)⇒(i)
are trivial. 
3. Expanding maps
In this section we consider a C2 map f on a n-dimensional smooth Rie-
mannian manifold M to itself. The map f is not assumed to be invertible.
Let Λ ⊂M be a compact invariant set of f . We say that f is expanding on
Λ if there exist c > 0 and λ ∈ (1,∞) such that for each x ∈ Λ:
‖Dfk(x)v‖ ≥ cλk‖v‖ whenever v ∈ TxM and k ∈ N.
Furthermore, we say that Λ is locally maximal if there exists an open neigh-
borhood U ⊂ M of Λ such that Λ =
⋂
k∈N f
−k(U). If f is expanding on a
locally maximal set Λ we say that Λ is a repeller of f . We shall always as-
sume that f is expanding on Λ, Λ is locally maximal, and f |Λ is topologically
mixing. We define the function φ : Λ→ R by φ = − log |detDf |.
We start by proving the version of Proposition 4 for expanding maps.
Proposition 7. If ε > 0 is small enough then
lim
k→∞
1
k
log (vol(B(Λ, ε, k)) ≤ P (φ) ≤ 0 (21)
Proof. We first show the right-hand side inequality of (21). Consider an er-
godic invariant probability measure µ supported on Λ, and let 0 < λ1(µ) <
· · · < λl(µ) be the Lyaponov exponents of µ. Denote by mi(µ) the multi-
plicity of the Lyapunov exponent λi(µ). It follows from the Margulis-Ruelle
inequality that
hµ(f) ≤
∑
i
λi(µ) mi(µ) = −
∫
φdµ. (22)
On the other hand, the variational principle states that
P (φ) = sup
µ
(
hµ(f) +
∫
φdµ
)
, (23)
where the supremum is taken over all (ergodic) invariant probability mea-
sures on Λ. Combining (22) and (23) yields P (φ) ≤ 0.
We now show the left-hand side inequality in (21). Fix some δ ≤ ε. We
say that a set E ⊂M is (k, δ)-separated if for all y, z ∈ E, y 6= z, there exists
i ∈ {0, ..., k − 1} with |f i(y) − f i(z)| ≥ δ. Let Ek(δ) be a maximal (k, δ)-
separated subset of Λ. Let x ∈ Λ; then x ∈ B(y, δ, k) for some y ∈ Ek(δ),
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because otherwise Ek(δ) ∪ {x} would be (k, δ)-separated. Here B(y, δ, k) is
defined as in (3). We conclude that B(x, ε, k) ⊂ B(y, δ + ε, k), and
B(Λ, ε, k) ⊂
⋃
y∈Ek(δ)
B(y, δ + ε, k), (24)
see (4) for the definition. For x ∈ Λ and k ∈ N we define
Skφ(x) =
k−1∑
i=0
φ(f i(x)).
Analogously as in the case of diffeomorphisms (see [Bo2], [BR]), there
exists Cδ+ε > 1 such that if ε is small enough then
vol(B(x, δ + ε, k)) ≤ Cδ+ε · expSkφ(x) (25)
for all x ∈ Λ and k ∈ N. Therefore (24) and (25) imply that
vol(B(Λ, ε, k)) ≤ Cδ+ε ·
∑
y∈Ek(δ)
expSkφ(y). (26)
The map f |Λ is expansive; therefore for δ small enough we have
P (φ) = lim sup
k→∞
1
k
log

 ∑
y∈Ek(δ)
exp(Skφ(y))

 . (27)
The result follows now by taking the logarithm, dividing by k and taking
the upper limit in (26) and applying (27). 
We would like to point out that the proof of Proposition 7 is based on the
ideas of the corresponding proof of Bowen [Bo2] for diffeomorphisms.
Quan and Zhu classified in [QZ] the invariant measures µ of a C2 endo-
morphism f for which Pesin’s entropy formula holds; they showed that µ
has this property if and only if µ satisfies the SRB property. This property
is a generalized condition of an SRB measure for diffeomorphisms defined
for the corresponding measure on the inverse limit map, see [QZ] for details.
In particular, if f is an expanding map and µ is absolutely continuous with
respect to Lebesgue, then Pesin’s entropy formula holds [H].
Proposition 8. P (φ) = 0 if and only if f admits an invariant measure µ
satisfying the SRB-property. In particular this is the case when f has an
invariant measure which is absolutely continuous with respect to Lebesgue.
Proof. If P (φ) = 0 then the same arguments as in the proof of Theorem 3
imply that there exists an invariant measure µ satisfying Pesin’s formula;
hence, µ has the SRB property. On the other hand, if µ has the SRB
property then µ satisfies Pesin’s entropy formula. It now follows from the
variational principle and a similar argument as in the proof of Theorem 3
that P (φ) = 0. 
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Remark. It is easy to see that P (φ) = 0 actually occurs. For example, if
f : S1 → S1, f(z) = z2, then the entire manifold S1 is a repeller. In this case
the measure of maximal entropy (given by the distribution of the periodic
points of f) is absolutely continuous with respect to Lebesgue.
We now present our main result for expanding maps.
Theorem 9. Let f be a C2 self map on n-dimensional smooth manifold M ,
and let Λ be a locally maximal repeller of f such that f |Λ is topologically
mixing. Then
dimBΛ ≤ n+
P (φ)
s
, (28)
where s is defined as in (1).
Proof. The proof of the theorem is analogous to the proof of Theorem 5 just
by replacing W sε (Λ) by Λ and applying Proposition 7 instead of Proposi-
tion 4. 
As a consequence of Theorem 9 and Proposition 8 we obtain the following.
Corollary 10. Let f be a C2 self map of an n-dimensional smooth man-
ifold M , and let Λ be a repeller of f such that f |Λ is topologically mixing.
If dimBΛ = n then f admits an invariant measure µ satisfying the SRB
property.
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